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ABSTRACT
The path of the trajectory of an aircraft from ground to space is modeled mathematically as a solution
of the non-stiff differential equation. When the exact path is not tracable, we have to go for numerical solution
of the model. To give optimal guidance to the aircraft, the path of the trajectory must be known. The need
for the numerical method is to find the solution of a differential equation when the exact solution is not known.
Traditionally, the order of convergence of the solution is proved theoretically and it can be tested with a test
problem, if the exact solution is known. When the exact solution is not known, one cannot test the order of
convergence of the numerical solution using the proved error estimates. In this paper, Euler method is applied to
solve non-stiff differential equation when it does not have exact solution in hand, and an error estimate is derived
to check the order of convergence of the solution of the numerical method. To show the behaviour of the numerical
solution such as stability and order, in the complex plane, stability regions, order star, order star finger region,
relative stability region, relative absolute region and order graph are presented. Experimental results are presented
to show the performance of the numerical method with respect to the metrics such as regions of stability and
theoretical and numerical rate of order of convergence of the solution, both numerically and graphically using
MATLAB.
Keywords: Aircraft trajectory path modelling, Non-stiff differential equation, Euler’s explicit method, Absolute
error, Stability region.
1. INTRODUCTION
Mathematical modelling of the aircraft trajectory path from ground to space is computed as a solution of
the non-stiff differential equation. Our problem to solve the non-stiff ordinary differential equation with initial
condition is,
y0 (t) = f (t, y(t)),t ∈ [a, b], y(a) = φ
(1)
which is subjected to the stability condition fy (t, y(t)) ≥ α > 0 for all t ∈ [a, b]. The assumption made here is only
to consider stable path of the trajectory of the aircraft. This equation is also a mathematical model for growth of a
plant from ground to space.
Problem (1) is a problem of finding the shape of the unknown curve which starts at a given point and satisfies
the given ordinary non-stiff differential equation. In 1769-70, [1], Leonhard Euler in his book, Institutionum
Calculi Integralis, designed a numerical method for the solution of the problem (1) and it is of the form,
yi+1 = yi + h f (ti , yi ), i = 0, 1, 2, ....., N − 1, y0 = φ

(2)

where a = t0 ,t1 ,t2 , ...,tN = b is a sequence of points in [a, b], using the step size h, ti = t0 + ih and h = ti+1 − ti , i =
0, 1, 2, ..., N − 1. The method (2) is consistent with the problem (1) as step size h approaches zero (h → 0).
When the exact solution of a problem is not known, one must go for a numerical solution. Traditionally, the
error estimate derived can be tested for validity when the exact solution of the problem is known. When the exact
solution is not known, one cannot test for validity, and this motivates to find the error estimates of the absolute
error, so that one can check for the rate of order of convergence of the numerical solution directly.
We consider the numerical method of Euler (2) only in this paper. The procedure followed in this paper is
new. The stability regions for non-stiff problems using Euler’s method is clearly presented in this paper.
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Numerical methods have been generated from Euler’s explicit method in the works of the author [2-19].
[20, 21] A complete survey of the numerical methods for ordinary non-stiff differential equation is given and the
development of numerical solution techniques from the identification of the problem to the never-final preparation
of automatic codes for the solution of classes of similar problems is examined. [22] has applied the numerical
methods for the problems in NASA. The students of bachelors degree in Computer Sciences or Industrial Engineering at the University of Salamanca, Spain, have solved real problems using numerical methods with the help of
the already acquired interdisciplinary knowledge [23] in MATLAB. Scientists and electrical engineers must have
clear picture about Euler’s method, and with this aim this paper is written.
In section 2, stability analysis is given using amplificaion factor and in section 3, stability function, stability
region and order star fingers for non-stiff problems are presented. In section 4, for the completeness of this paper,
an estimate for the absolute error is derived, when the exact solution is known. In section 5, an error estimate for
the absolute error is derived when exact solution is not known.
Finally, in section 6, the experimental results are presented to show the performance of the method both
numerically and graphically. Throughout this paper C is a constant independent of i and h.
2. STABILITY ANALYSIS
This section gives the stability analysis and order graph of the non-stiff problem using amplification factor.
On applying the method (2) to the Dahlquist problem [24],
y0 = λ y,t ∈ [0, 1], λ > 0, y(0) = 1

(3)

whose exact solution is y(t) = exp(λt). We have the difference equation as,
yi+1
= 1 + hλ
yi

(4)

The amplification factor Q(λ h) is defined as follows,
Q(λ h) =

yi+1
yi

(5)

From (5) and (4) we have,
Q(λ h) = 1 + hλ

(6)

|Q(λ h)| ≤ 1

(7)

A numerical method is stable if,
Using (7), one can determine the maximum step size h for which the method is stable. Equation (7) holds only
when 0 ≤ h ≤ |λ2 |
3. STABILITY REGION
In this section, stability regions, order star, order star finger region, relative stability region and relative
absolute region of the solution of non-stiff problem are presented using stability function, both theoretically and
figuratively.
Stability region of exact solution: The stability function of the exact solution of the Dahlquist problem (3) is
given by,
R(z) = exp(z)

(8)

where z = h, z is a complex number and the stability region is the entire left half of the complex plane which is
presented in figure 1.
Stability region of numerical solution: On applying Euler’s method (2) to the problem (3), the stability function
of the numerical solution is given by,
R(z) = 1 + z
(9)
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Figure 1.Stability region of exact solution
where z = hλ , z is a complex number and the stability region is a region inside unit circular region with center (-1,
0) in the left half complex plane which is presented in figure 2.

Figure 2.Stability region of numerical solution
On applying the Euler forward method to the problem (3), the numerical solution is stable inside the contour
and unstable, if the values of z = hλ is outside the region z ∈ C/|1 + z| ≤ 1
Order graph: The degree of the stability function of a numerical method is the order of the method. The degree of the stability function of the Euler’s method is one, and so the order of the numerical method is one. The
order graph for the solutions of the problem (3) with λ = 1 and the numerical method is given in figure 3. The
curve with + sign refers to the exact solution and the curve with * sign refers to the Euler’s method. It is a plot of
h and Q(h) with respect to the exact solution of problem (3), Q(h)=exp(h) and with respect to the Euler’s method
Q(h)=1+h.
Order star: The order of a method is the number of fingers inside the stability region of the numerical method
when the stability region intersect with Re(z)=0. And it is shown in figure 4. Only one finger is inside the stability
region and so the method is of order one.
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Figure 3.Order graph of Euler’s forward method

Figure 4.Order star-finger of numerical method

Order star finger region of numerical method: The order star region for Euler’s forward method (2) is the
region inside R(z)exp(-z) and it is given in figure 5.

Figure 5.Order star-finger region of numerical method
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Relative stability region: The relative stability region or the order star of first kind of the Euler’s forward method
is given in figure 6.

Figure 6.Relative stability region of numerical method

Absolute relative stability region of numerical method: Figure 7 shows the absolute stability region of the
Euler forward method.

Figure 7.Absolute relative stability region of numerical method

4.

THEORETICAL RATE OF ORDER OF CONVERBENCE

In this section, an error estimate of the theoretical absolute error for theoretical rate of order of convergence
is proved to be of order one, so that one can check for the rate of order of convergence of the numerical solution
directly with the help of a problem having exact solution in hand.
Absolute error: Absolute error is the difference between exact and approximate solutions at each time steps.
The main result of this section is stated in the following theorem
Theorem 4.1. Let y(t) and yi be the solutions of the given differential equation (1) and the Euler’s method (2)
respectively. Then, for i=0(1)N, we have an error estimate of the form,
|y(ti ) − yi | ≤ Ch1
25
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where C is independent of i and h.
Proof: The solution y(t) of (1) at the nodal point t = ti+1 can be expressed in terms of solution y(t) at the
nodal point at t = ti , using Taylor’s series as follows:
y(ti+1 ) = y(ti ) + hy0 (ti ) +

h2 00
y (ti ) + O(h3 ), y(t0 ) = φ
2!

(11)

where h = ti+1 − ti , i = 0, 1, ...N − 1.
The numerical method (2) can be expressed as,
yi+1 = yi + h f (ti , yi ), y0 = φ

(12)

where h = ti+1 − ti and yi = y(ti ), i = 0, 1, ...N.
(12) can be rewritten as,
yi+1 = yi + hy0 (ti ), y0 = φ

(13)

From (11) and (13), we have,
y(ti+1 ) − yi+1 = y(ti ) − yi +

h2 00
y (ti ) + O(h3 )
2

h2 00
y (ti ) + O(h3 ), e0 = 0
2
where ei = y(ti ) − yi , i = 0, 1, ...N. The error per step, Local Truncation Error (LTE) is given by,
ei+1 = ei +

h2 00
y (ti ) + O(h3 )
2

LT E =

(14)
(15)

(16)

The error at a given time t is termed as Global Truncation Error (GTE), and can be obtained from (16) by
rewritting (16) as follows:
D+ ei =

h1 00
2
2 y (ti ) + O(h )

GT E =

h1 00
y (ti ) + O(h2 )
2

(17)

From (17), we have to find the error estimate for the absolute error. For i=0,1,2,...,N-1, we have,
e1 = e0 +

h2 00
y (t0 ) + O(h3 ), e0 = 0
2

(18)

h2 00
y (t1 ) + O(h3 ), ...
2

(19)

h2 00
y (ti−1 ) + O(h3 ), ...
2

(20)

h2 00
y (tN−1 ) + O(h3 )
2

(21)

e2 = e1 +

ei = ei−1 +
continuing like this finally,

eN = eN−1 +
From (18) to (21), we have,
eN =

h2 N−1 00
∑ y (t j ) + O(h3 )
2 j=0
26
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00

Let k = max y (t j ) f or j = 0(1)N − 1, then,
|eN | ≤

h2 N−1 00
∑ y (t j ) + O(h3 )
2 j=0

|eN | ≤

h2 N−1
∑ k + O(h3 )
2 j=0

|eN | ≤
since N =

b−a
h

(23)

h2
3
2 Nk + O(h )

we have,
|eN | ≤ Ch

(24)

Now for i=0 and i=N we have the estimate. And for i=i,2,...N-1, we shall find the error estimate by taking
(20)

ei =

|ei | ≤

h2 i−1 00
∑ y (tm ) + O(h3 )
2 m=0
h2 i−1 00
∑ y (tm ) + O(h3 )
2 m=0

since,
i−1

∑

N−1

00

y (tm ) ≤

∑

00

y (t j )

m=0

j=0

|ei | ≤

h2 N−1 00
∑ y (t j ) + O(h3 )
2 j=0

we have,
(25)

The right hand side of (25) is same as in (23), and so,
|ei | ≤ Ch

(26)

for i=1(1)N-1. Finally, from (18), (24) and (26), the desired estimate (10) follows for i=0(1)N
|ei | ≤ Ch

(27)

Hence the proof.
Theoretical rate of order of convergence : y(t) is the solution of the given differential equation (1) and yi is
the numerical solution of the numerical method. And, if we have an error estimate of the form,
|y(ti ) − yi | ≤ Chn

(28)

then n is the rate of order of convergence of the method and it can be obtained from the estimate (28). Rewriting
(28) as,
h

n

ehi = Chn and e2i2 = C h2n
27
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then taking the ratio, we get the rate of order of convergence of a numerical method as,
log(
n=

ehi
h

)

e2i2

(29)

log2

h

h

where ehi = y(ti ) − yhi and e2i2 = y(t2i ) − y2i2
h

Here yhi stands for the numerical solution obtained by using step size h, and y2i2 stands for the numerical
solution obtained by using step size h2 . From (10) and (29), the rate of order of convergence of Euler’s method is
of one (n=1).
It must be noted that in the estimates (10), (28) and (29), to find the theoretical rate of order of convergence,
one must know the exact solution. The fact is, when the exact solution is not known, one must go for a numerical
method to find solution. When exact solution is not known, finding out the rate of order of convergence is the next
task. As a solution to this, an alternate error estimate for absolute error is derived and thereby the numerical rate
of order of convergence is obtained.
5.

NUMERICAL RATE OF ORDER OF CONVERGENCE

In this section, an error estimate of the numerical absolute error for numerical rate of order of convergence
is proved to be of order one, and so the rate of order of convergence of the numerical solution can be checked
directly with the help of a problem without exact solution in hand. The main result of this section is stated in the
following theorem:
h

Theorem 5.1. Let y(t) be the solution of the given differential equation (1) and yhi and y2i2 be the numerical
solutions of the Euler’s method (2) using step sizes h and h2 respectively. Then, for i=0(1)N, we have an error
estimate of the form,
h

y(ti ) − yhi = 2[y2i2 − yhi ] ≤ Ch1

(30)

where C is independent of i and h.
h

Proof: Let wi = 2[y2i2 − yhi ] for i=9(1)N. For i = 0, w0 = 0, and for i=1(1)N we have, from (2),
h

h

2
wi+1 = wi + h[ f (t2i , y2i2 ) + f (t2i+1 , y2i+1
)], w0 = 0

(31)

Using the procedure in theorem 4.1, (31) gets the form,
wi+1 = wi +

h2 00
y (ti ) + O(h3 )
2

(32)

From (32), the error per step is given by,
LT E =

h2 00
y (ti ) + O(h3 )
2

D+ wi =

h1 00
2
2 y (ti ) + O(h )

(33)

Equation (33) can be rewritten as,

and hence the error at a given time t is given by,
GT E =

h1 00
y (ti ) + O(h2 )
2

(34)

Now, equation (34) is for i=1(1)N. Adopting the procedure followed in theorm 4.1, for i=1(1)N, we have,
wi = wi−1 +

h2 00
y (ti−1 ) + O(h3 )
2
28
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Now, for i=1(1)N, we have the relation,
wi =

h2 i−1 00
∑ y (tm ) + O(h3 )
2 m=0

(36)

h2 N−1 00
∑ y (tm ) + O(h3 )
2 m=0

(37)

h2 N−1 00
∑ y (tm ) + O(h3 )
2 m=0

(38)

Following the procedure in theorm 4.1,
wi ≤
Taking absolute value on both sides,
|wi | ≤
00

Let k = max y (tm ) , for m=0,1,2,...N-1, then, for i=1(1)N,
|wi | ≤

h2 N−1
h2
h1
k + O(h3 ) ≤ NK + O(h3 ) ≤
K + O(h3 )
∑
2 m=0
2
2(b − a)

(39)

From (31) and (39), we have the required result, for all i=0(1)N
|wi | ≤ Ch

(40)

Hence the proof.
Numerical rate of order of convergence: Let y(t) be the solution of the given differential equation (1) and
h

yhi and y2i2 be the numerical solutions of the numerical method using step sizes h and
an error estimate of the form,
h
2n
y(ti ) − yhi = n
[y2i2 − yhi ] ≤ Chn
2 −1

h
2

respectively. Then, we have
(41)

Here n is the numerical rate of order of convergence of the method and it can be obtained from the estimate
(41). Rewriting (41) as,
h

n

whi = Chn and w2i2 = C h2n , and then taking the ratio, we get the numerical rate of order of convergence of a
numerical method as,
log(
n=
h

h

h

whi
h

)

w2i2

log2

(42)

h

where wi = 2[y2i2 − yhi ] and w2i = 2[y4i4 − y2i2 ] Here y2i2 stands for the numerical solution obtained by using step size
h
2,

h

and y4i4 stands for the numerical solution obtained by using step size 4h . From (41) and (42), the numerical rate
of order of convergence of Euler’s method is of one (n=1).
6.

EXPEIMENTAL RESULTS

In this section, both numerical and graphical results for the problem (3) with λ = 1 are given in the interval
[0, 1].
Experimental results with respect to order: Following the error analysis in section 4, theorem 4.1 and expresion (34), in table 1, the theoretical rate of order of convergence and average rate of order of convergence are
tabulated when the exact solution of the problem (3) with λ = 1 is known and exact solution is used for absolute
error estimation. It is found that the theoretical rate of order of convergence and average theoretical rate of order
of convergence are of one.
Following the error analysis in section 5, theorem 5.1 and expresion (47), in table 2, the numerical rate of
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h
2−2
2−3
2−4
2−5
2−6
2−7
2−8

N
4
8
16
32
64
128
256

Table 1.Theoretical rate of order of convergence
maximum absolute error
theoretical rate of convergence PN
1.524973E-01
0.924164159
8.025333E-02
0.960505997
4.129170E-02
0.979805347
2.093688E-02
0.980787025
1.054281E-02
1.000856566
5.290204E-03
0.997424638
2.649828E-03
average rate P = 16 ∑ PN = 0.976708865

order of onvergence and average rate of order of convergence are tabulated, considering the exact solution is not
known (exact solution is not used for absolute error estimation). Problem (3) with λ = 1 is used for tabulation.
It is found that the numerical rate of order of convergence and average numerical rate of order of convergence are of one. From tables 1 and 2, it is observed that using problem (3) with λ = 1, we are able to get both
theoretical and numerical rates of order of convergence as one. Similarly, both theoretical and numerical average
rates of order of convergence are of one.
h
2−2
2−3
2−4
2−5
2−6
2−7
2−8

N
4
8
16
32
64
128
256

Table 2.Numerical rate of order of convergence
maximum absolute error
numerical rate of convergence PN
1.442880E-01
0.885127282
7.812326E-02
0.940381334
4.070965E-02
0.969606669
2.078819E-02
0.984659146
1.050521E-02
0.992289707
5.280732E-03
0.996135047
2.647459E-03
average rate P = 16 ∑ PN = 0.96136654

Experimental results with respect to error: From the derivation of theorem 4.1 of section 4, it is observed that,
the local and global truncation errors get increased from time steps t = t0 = a to t = t1 and upto t = tN = b; since
the numerical method (2) is a recurrence relation between two consecutive time steps t = ti and t = ti+1 , the error in
time step t = ti gets added with the error in the step t = ti+1 . Similarly the absolute and relative errors get increased
from time steps t = t0 = a to t = t1 and upto t = tN = b. This observation is illustrated in table 3 and in figures 8
to 12.
In figure 8, curves with + sign, . sign and * sign represent exact solution, numerical solution and the absolute
error respectively. It is observed from figure 8 that, as the absolute error gets deviated away upwards from the taxis, the numerical solution gets deviated downwards away from the exact solution. If the absolute error is very
closer to the t-axis as time is increased, then the numerical solution comes closer to the exact solution.

Figure 8.Exact solution, numerical solution and absolute error
In figure 9, curves with * sign and + sign represent absolute error and cummulative absolute error respectively. It is observed from figure 9 that, as the absolute error gets deviated away upwards from the t-axis, the
30
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ti = h.i
2−4 .0
2−4 .1
2−4 .2
2−4 .3
2−4 .4
2−4 .5
2−4 .6
2−4 .7
2−4 .8
2−4 .9
2−4 .10
2−4 .11
2−4 .12
2−4 .13
2−4 .14
2−4 .15
2−4 .16

Table 3.Exact and numerical solutions, absolute and relative errors
y(ti )
yi
y(ti ) - yi
cummulative
1 − y(tyii )
1.0000E+00 1.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00
1.0645E+00 1.0625E+00 1.9945E-03
1.9945E-03
1.9131E-03
1.1331E+00 1.1289E+00 4.2422E-03
6.2367E-03
3.5907E-03
1.2062E+00 1.1289E+00 6.7674E-03
1.3004E-02
5.0545E-03
1.2840E+00 1.2744E+00 9.5961E-03
2.2600E-02
6.3246E-03
1.3668E+00 1.3541E+00 1.2757E-02
3.5357E-02
7.4192E-03
1.4550E+00 1.4387E+00 1.6280E-02
5.1637E-02
8.3551E-03
1.5488E+00 1.5286E+00 2.0200E-02
7.1837E-02
9.1478E-03
1.6487E+00 1.6242E+00 2.4551E-02
9.6388E-02
9.8112E-03
1.7551E+00 1.7257E+00 2.9374E-02
1.2576E-01
1.0358E-02
1.8682E+00 1.8335E+00 3.4710E-02
1.2576E-01
1.0801E-02
1.9887E+00 1.9481E+00 4.0606E-02
2.0108E-01
1.1150E-02
2.1170E+00 2.0699E+00 4.7110E-02
2.4819E-01
1.1415E-02
2.2535E+00 2.1993E+00 5.4277E-02
3.0246E-01
1.1605E-02
2.3989E+00 2.3367E+00 6.2164E-02
3.6463E-01
1.1729E-02
2.5536E+00 2.4828E+00 7.0833E-02
4.3546E-01
1.1793E-02
2.7183E+00 2.6379E+00 8.0353E-02
5.1581E-01
1.1805E-02

cummulative error gets deviated upwards away from the absolute error. If the absolute error is very closer to the
t-axis as time increases, then the cummulative absolute error comes closer to the absolute error.

Figure 9.Absolute and cummulative absolute error
In figure 10, curves with * sign and + sign represent global truncation error and truncation error respectively.
Figure 10 shows that, as the truncation error gets deviated away upwards from the t-axis, the global truncation
error is deviated upwards away from the absolute error. If the truncation error is very closer to the t-axis as time
increases, then the global truncation error comes closer to the truncation error.

Figure 10.Truncation error and global truncaton error
In figure 11, curves with * sign and + sign represent relative error and cummulative relative error respectively. It is observed from figure 11 that, as the relative error gets deviated away upwards from the t-axis, the
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cummulative relative error gets deviated upwards away from the relative error. If the relative error is very closer
or parallel to the t-axis as time increases, then the cummulative relative error comes closer to the relative error.

Figure 11.Relative error and cummulative relative error

7.

CONCLUSION

The trajectory path of an aircraft from ground to space is modeled mathematically to locate the position of
an aircraft at any time. Calculating the shape of the unknown curve which starts at a given point and satisfying the
given differential equation is our problem. When the exact solution is not known, we have to go for a numerical
method to find the solution numerically. Therefore, the numerical absolute error estimate derived and the numerical
rate of order of convergence of the numerical solution obtained in section 5 are most suitable in practice.
When the exact solution is known, to test validity of the method, one can make use of the theoretical absolute
error estimate derived and the theoretical rate of order of convergence of the numerical solution obtained in section
4. Electrical engineers and scientists engaged in interdisciplinary works can also follow this paper in the aspects of
stability result, stability region in complex plane and theoretical and numerical rate of order of convergence based
on the numerical method.
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