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ABSTRACT
Imperfection in a production process is inevitable. The rate of imperfect production does not remain constant but varies depending on several production parameters. Besides, some products, food products for example,
have a tendency to deteriorate with time. The rates of deterioration of such products generally increase with time.
For such an imperfect production system for deteriorating products, the decisions for the rate of production and
planning horizon are very important. Keeping in view the importance, this study proposes an integrated production
model of an imperfect production system for deteriorating products. The defective and the deteriorated items are
separated and disposed through proper channel to fulfill environmental legislative requirements. The objective of
the study is defined through a mathematical model for total cost per unit time, which is minimized by obtaining
optimal values of the production rate and the cycle time. These variables are decided in such a way that the customer demand during the cycle is fulfilled by compensating the imperfect and deteriorated quantity. The proposed
model is verified through some numerical examples.
Keywords: Imperfect production system, Deterioration, Probabilistic rate, Time-varying rate, Non-linear programming.

1.

INTRODUCTION

Deterioration is a common phenomenon for food products. Production and inventory decisions vary largely
due to decaying properties of these products. Common examples of such products include fresh fruits, vegetables,
bakery items, and other food products [1-4]. Deterioration is caused by the physical/chemical decomposition of
the products and the rate of decomposition usually increases with time. Furthermore, the production systems are
not always perfect. There are several factors, which cause a production system to go into “out of control” state
and cause imperfect production. In such a system, where production process is imperfect and products deteriorate
with time, it becomes vital to precisely decide the production rate and the planning horizon. Considering such a
system, this study focuses on deciding the optimal production rate and cycle time for deteriorating products being
produced in an imperfect production system.
In literature, many researchers have investigated the effects of deterioration on inventory and production
models. They have considered different conditions to develop mathematical expressions for the rate of deterioration. Earlier attempts of modeling an inventory system with deterioration include the research of [5]. Later,
updated models according to real situation were formulated and by relaxing many other assumptions. [6] incorporated product shortages in deteriorating inventory system with time-dependent demand. He assumed a constant
rate of deterioration. [7] added partial backlogging in an inventory system of deteriorating products with timevarying demand and a constant rate of deterioration. [8] further explored inventory systems and improved their
previous model by adding a time-varying rate of deterioration with partial backlogging.
In real situations, products deteriorate with increasing rate. This idea was introduced by [9], where he
proposed time-varying and maximum lifetime-dependent rate of deterioration. [10] described that products do not
start deteriorating immediately after a specific period of time. They considered variable rate of deterioration. They
also assumed that product demand is sensitive to selling-price and frequency of advertisement. [11] modeled an
inventory system for deteriorating products and assumed that the rate of deterioration is linearly proportional to
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time. [12] proposed an inventory system for deteriorating items and assumed time-varying rate of deterioration.
They also considered the expiration time of the products at which the product is completely deteriorated.
[13] investigated an inventory system for deteriorating products where the rate of deterioration is timevarying and is inversely related to maximum lifetime of the product which is considered as product expiration
time. In their model, they considered an offer of delay in payments to the customers. [14] discussed an inventory
system considering deterioration of product quality and quantity simultaneously. They assumed that the rate of
deterioration is linearly proportional to the time and exponentially proportional to the storage temperature. [15]
developed an inventory model for deteriorating items and proposed that the rate of deterioration is exponentially
related with time. They also assumed full and partial credit policy for retailer and customer respectively.
[16] proposed a production model with random rate of deterioration considering uniform, triangular and
beta distributions. [17] considered retailer’s inventory in a supply chain system for deteriorating products with
time-varying and maximum lifetime-dependent rate of deterioration. [18] proposed a two-echelon supply chain
system with random fuzzy rate of deterioration considering variable capital expenditure-dependent setup cost. [19]
proposed an integrated production-inventory model for reverse logistics system considering time-varying rate of
deterioration, production, demand, and product return. [2] developed closed loop supply chain model with benefit
sharing considering decrease in value of outdated products as deterioration at a constant rate. [20] considered
three stocks; manufacturing, remanufacturing, and returns in a reverse logistic system, with different quality levels
of new and remanufactured products, deteriorating at time-varying rate. Moreover, the model on deteriorating
products has been considered by [21-24].
During long run production, a common phenomenon is the production of defective items. The rate of
production of defective items may be of two types, as constant defective rate and random defective rate. In constant
defective rate, the total number of defective items is always fixed whereas in random defective rate, the number of
defective items always varies based on several conditions of the production system. In reality, both the defective
rates are varied based on the past data. It can be found constant defective rate [25] and random defective rate [26].
There is plenty of research since last four decades whereas the researchers are concentrating on the dependency of
defective rate i.e. on which parts of the production system the defective rate depends. The pioneer attempt is as
done in [27] and it proved a simple formula to calculate the number of defective items by using Maclaurin series
expansion. [28] proposed an imperfect production model by considering a generalized function of the random
defective rate, which depends on time of production, random time of movement from in control to out of control
state and the production rate of the system.
[26] further studied an imperfect production system and modeled deteriorating production process assuming
an optimal production run length. Working on the same grounds [29] allowed product shortages in their model.
[30] considered randomness of time to machine failure in an imperfect production system. [31] extended the
concept of imperfect production system to introduce a new research dimension by considering reduced selling
price for defective/imperfect products. Reworking of the imperfect production items to make them as good as
perfect quality items was introduced and modeled by [32]. [33] extended the model of Giri and Dohi [30] by
adding safety stock and reliability parameter in an imperfect production system. [34] included time value of
money in an EPQ system. [35, 36] studied deteriorating/imperfect production process which randomly shifts to
"out of control state". Similarly, imperfection production models have been considered by [37-42].
Considering the above literature review, this study proposes an imperfect production model for deteriorating
products. The rate of imperfect production is a random variable that follows normal, triangular, dual triangular, and
beta distributions. The rate of deterioration increases with time and depends on maximum lifetime of the product.
The total cost is minimized by obtaining optimal values of the production rate and cycle time.
2.

PROBLEM DEFINITION, NOTATION AND ASSUMPTIONS
2.1. Problem definition

Figure 1 illustrates the process flow of the proposed integrated production system. Raw material is purchased and the product is produced at its production facility. The production system is imperfect and produces
some defective items. The rate of defective production is considered as probabilistic, which follows different
probability distributions. The produced items are stored as inventory in warehouse and are sold to the customers.
Inventory items deteriorate at a specific rate, which increases with time. The defective and the deteriorated items
are separated and forwarded to disposal center. The rate of production is taken as a decision variable, which fulfills
the customer demand within a cycle by compensating the defective production as well as the deteriorated quantity.
2
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This study suggests a mathematical model that estimates the optimal values of production rate and cycle time while
minimizing the total cost.

Figure 1.Process flow diagram

2.2.

Notation

The abbreviations and notation for the mathematical model of proposed system is defined as follows:
2.2.1. Variables
The variables are given below:
T cycle time (time units)
p rate of production (units/unit time)
2.2.2. Parameters
Cs
Cmt
Cp
h
Cd
TC
d
D
θ
η
L
Ix
Iy
I
P
Ndet
Nde f

The parameters were given below:
setup cost per setup ($/setup)
material purchase cost per unit ($/unit)
production cost per unit ($/unit)
inventory holding cost per unit per unit time ($/unit/unit time)
disposal cost per unit of defective and deteriorated items ($/unit)
total cost per unit time ($/unittime)
rate of demand per unit time (units/unit time)
total demand per cycle (units/cycle)
rate of deterioration
rate of defective production
maximum lifetime of product (time units)
on-hand inventory at any time t,0 ≤ t ≤ t1 (units)
on-hand inventory at any time t,t1 ≤ t ≤ T (units)
total inventory carried per cycle (units/cycle)
quantity produced per cycle (units/cycle)
deteriorated items per cycle (units/cycle)
defective items per production cycle (units/cycle)
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2.3. Assumptions
Some of the assumptions are given below:
1. An imperfect integrated production model is considered for deteriorating items.
2. The rate of defective production is considered as probabilistic, which follows normal, triangular, double triangular, and beta distributions.
3. The items deteriorate at a rate, which increases with time and is a function of maximum lifetime of the product.
4. The rate of demand is constant and known over the planning horizon.
5. The defective and the deteriorated items are not repairable and are disposed.
6. Inspection cost is negligible.

3. MODEL DEVELOPMENT
The proposed model assumes that the rate of demand is d units per unit time. The manufacturer plans its
production for a fixed period of time t1 and sells the items for a variable span of time T . The rate of production
is variable such that customer demand be fulfilled within planning horizon. The production system is imperfect
and produces some defective items during production process. Keeping the rate of production as p , the rate of
defective production is η p. Therefore, the rate of production of perfect items is(1 − η)p . The produced quantity
of perfect items is saved as inventory, which fulfills the customer demand. The stored items deteriorate with time.
The rate of deterioration is a function of product’s lifetime and increases with time, as is provided below.
θ=

1
1+L−t

The produced quantity fulfills the customer demand by compensating the defective production. During the
interval 0 → t1 , at any time t , p number of product items are produced, out of which (1 − η) are perfect and
added to the inventory. From the stored inventory d number of items are demanded, and θ I number of items are
deteriorated and removed from the inventory. The level of inventory increases during the production time as the
rate of production is higher than the accumulative rate of demand, deterioration and imperfect production. During
interval t1 → T , there is no production, and inventory stock is depleted by the demand, deterioration and imperfect
production. The change in the inventory level is illustrated in figure 2.

Figure 2.Behavior of inventory level
The governing differential equations of current inventory are expressed as in following equations.
dIx (t)
= (1 − η)p − d − θ Ix , 0 ≤ t ≤ t1
dt

4
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dIy (t)
= d − θ Iy ,t1 ≤ t ≤ t1
dt

(2)

The above differential equations are solved using the inventory conditions as given below and on-hand
inventory is calculated at any time t. The level of inventory is zero when t = 0 or t = T . These inventory conditions
are given as below:
Ix (t) = 0 at t = 0
,
Iy (t) = 0 at t = T
.
Considering the above inventory conditions, solution of (1) and (2) is as given below:


1+L
, 0 ≤ t ≤ t1
Ix (t) = ((1 − η)p − d)(1 + L − t) ln
1+L−t



1+L−t
Iy (t) = d(1 + L − t) ln
,t1 ≤ t ≤ t1
1+L−T

(3)

(4)

The system’s total cost is incurred by the setup cost, material purchase cost, production cost, inventory holding cost and disposal cost.
Setup cost
The manufacturer, before starting production, prepares production equipment, moves the materials from
material storage to the production floor, and prepares the warehouse for finished items. All such activities are
named as production setup activities, which are managed for each production cycle. The cost incurred by these
activities is termed as production setup cost, which is considered per manufacturer’s cycle.
Setup cost per cycle = Cs
Cost of material
The quantity of material is arranged according to the produced quantity of the product. Therefore, requirement of material depends on the number of items produced in a cycle. The cost of material per cycle is calculated
in below equation.
Material cost = Cmt P
where P is the number of items produced per cycle, as calculated below.
P=

Z t1
0

pdt = pt1

Cost of production
The cost of machinery, labor, energy and overheads cumulatively are termed as production cost. The cost of
production per cycle is calculated below.
Production cost = C p P
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Inventory holding cost
Customer demand is fulfilled from the stored inventory. The operations to keep the inventory of items in
warehouse incur the inventory holding cost, which is calculated below.
Inventory holding cost = hI
where the value of I is calculated by using (3) and (4) and is provided below.

I=

Z t1
0

Z T

Ix (t)dt +

t1

Iy (t)dt

{






1
1+L
2
2
=
((1 − η)p − d) (1 + L) − (1 + L − t1 ) 1 + 2ln
4
1 + L − t1
+dt(T − 2L − 2) + 2d(1 + L)2 ln(1 + L − t1 ) − dt1 (2 + 2L − t1 )
 


1 + L − t1
2ln
− 1 − 2d(1 + L)2 ln(1 + L − T )
1+L−T

}

Disposal cost
The defective and deteriorated items during a cycle are disposed through a proper channel, such that the
legislative environmental requirements be fulfilled. In order to calculate the disposal cost per cycle, number of
defectives items and number of deteriorated items per cycle are calculated below.
Number of defective items per cycle
(Nde f ) =

Z t1
0

η pdt = η pt1

Similarly, number of items deteriorated per cycle is calculated below.
Z t1

Z T

Ndet =
θ Ix (t)dt +
θ Iy (t)dt
0
t

1

T
t1
− (1 + L1 − T )ln 1 +
+ T − t1
1 + L1 − t1
1 + L1 − T


T − t1
+d(1 + L1 )ln(1 + l1 ) − d(1 + L1 )ln(1 + L1 − t1 ) + dt1 ln 1 +
− dt1
1 + L1 − T



= ((1 − η)p − d) (1 + L1 − t1 )ln 1 +



Total cost of disposal per cycle is calculated in the following equation.
Disposal cost = Cd (Nde f + Ndet ),
Total cost
The rate of defective production η is a random variable, expected value of which depends on the type of
distribution it follows.
For this study, four different probability distributions are considered, expected values of which are described
below.
Case 1: Normal distribution
E(η) =

a+b
2

Case 2: Triangular distribution
E(η) =

a+b+c
3
6

M.W.Iqbal and B.Sarkar./ DJ Journal of Engineering and Applied Mathematics, Vol. 4(2), 2018 pp. 1-12

Case 3: Double triangular distribution
E(η) =

a + 4b + c
6

Case 4: Beta distribution
E(η) =

α
α +β

The total cost per unit time of the given system is calculated in following equation:

The value of total cost per unit time varies with respect to the probability distribution followed by the rate
of defective production. The objective of this research is to find the optimal values of the suggested decision variables, such that the total cost per unit time is minimized. The objective is expressed below.
Minimize TC(p, T )
subject to the following constraints:
p − Nde f − Ndet ≥ D

(5)

p, T ≥ 0

(6)

where,
Z T

D=

(d)dt = dT
0

Objective function TC(p,T) is the total cost per unit time. Constraint (6) ensures that the customer demand
during complete cycle is fulfilled. Constraint (7) shows non-negativity of the decision variables.
4.

NUMERICAL EXPERIMENTS

Numerical experiments are carried out to validate the proposed model. Four different examples are solved
by considering different probability distributions for the rate of defective production. The values of the related
parameters are taken from [16]. Mathematica 9 is used to obtain the optimal solution. The parameters and the
optimum results are summarized below.
Case 1: For this case, the rate of defective production is considered to be following the normal distribution. The values of input parameters are; a=0.15, b=0.25, Cs = $800/setup, Cmt = $8/unit, C p = $5/ unit, h=
7
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$0.6/ unit/month, Cd = 1000 units/month, L=10 months, t1 = 0.3 month. The optimal solution is, TC∗ = $14976
/month, T ∗ = 0.63 month, p∗ = 2196 units/month. The results are graphically illustrated in figure 3(a).

Figure 3(a).Graphical illustration of results for case 1
Case 2: For this case, rate of defective production is considered to be following the triangular distribution.
The values of input parameters are; a=0.15, b=0.35, c=0.25, Cs = $800/ setup, Cmt = $8/ unit, C p = $5/ unit,
h=$0.6/ unit/month, Cd = $0.5/ unit, d=1000 units/month, L=10 months, t1 = 0.3 month. The optimal solution is,
TC∗ = $14960/month, T ∗ = 0.65 month, p∗ = 2247 units/month. The results are graphically illustrated in figure
3(b).

Figure 3(b).Graphical illustration of results for case 2
Case 3: For this case, rate of defective production is considered to be following the double triangular distribution. The values of input parameters are; a=0.15 , b=0.35,c=0.25, Cs = $800/ setup, Cmt = $8/unit, C p =$5/unit,
8
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h=$0.6/unit/month, Cd = $0.5/ unit, d=1000 units/month, L=10 months, t1 = 0.3 month. The optimal solution is,
TC∗ = $14942/month, T ∗ = 0.67 month, p∗ = 2303 units/month. The results are graphically illustrated in figure
3(c).

Figure 3(c).Graphical illustration of results for case 3
Case 4: For this case, rate of defective production is considered to be following the beta distribution.
The values of input parameters are: α = 0.25, β = 0.35,Cs = $800/ setup, Cmt = $8/ unit, C p = $5/ unit,
h=$0.6/ unit/month, Cd = $0.5/ unit, d=1000 units/month, L=10 months, t1 = 0.3 month. The optimal solution is, TC∗ = $14889/month, T ∗ = 0.71 month, p∗ = 2459 units/month. The results are graphically illustrated in
figure 3(d).

Figure 3(d).Graphical illustration of results for case 4

A cost comparison is provided graphically in figure 4 for different probability distributions for the random
rate of defective production. We find that, for the considered cases, the total cost is minimum when rate of defective
production follows beta distribution.

Figure 4.Cost comparison for different distributions
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5. CONCLUSION
This study proposes an imperfect integrated production model. The rate of imperfect production is a random
variable, which followed normal, triangular, dual triangular, and beta distribution. The products under consideration are deteriorating in nature. The rate of deterioration is a function of product’s lifetime and increased with
time. Four different models of total cost are provided depending on the type of probability distribution followed by
the rate of imperfect production. The model is complemented with a constraint, which ensured that the customer
demand is fulfilled by compensating the defective and deteriorated quantity. The optimal values of the production
rate and the cycle time are computed, such that the total cost is minimum. The obtained results are compared,
which reveals that the total cost is minimum when the random rate of imperfect production followed the beta distribution. The proposed model can be extended by adding shortages and backlogs. Moreover, the inspection cost
and repairing process for imperfect items can be incorporated.
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